Q- Find the angle of projection ¢ with the incline to maximize the range of a projectile down the incline
making an angle 6 bellow horizontal and calculate this maximum range if the speed of projection is Vo.

Solution:

The incline makes angle - 6 with the horizontal means it is bellow
the horizontal (for down the incline) and the magnitude is 6.

Considering x axis down the incline and y axis normal to incline as
in figure and resolving the velocity and acceleration of the projectile
along the incline and normal to the incline

Velocity along the incline Vx = Vo COS ¢
Velocity normal to the incline Vy = Vo Sin ¢
Acceleration along the incline ax =gsin 0
Acceleration normal to the incline ay =-gcoso

Now if T is the time of flight before the projectile strikes the incline, than the displacement of the projectile
normal to the incline will be zero and hence using second equation of motion we get

[s = ut + Y2 at?]
0 = vo sin ¢*T + Y2 (- g cos 9)*T?

Gives T = —— (As T cannot be zero) ~  -==---=mmmee- (1)

Now the range R on the incline is the displacement down the incline in this time T and hence given by

[s = ut + Y2 at?]
R = vocos<pT+%gsint9T2

Substituting value of T from equation (1) we get

. 2
R = vycos g (—Zvosm(p) + %g sind (—ZUOSWP)

gcosf gcoso
2v02sing . .
0 R = ——— (cos@ cosO + sinp sinf
r g cos20 ( ¢ + 4 )
2v4%sing cos (¢—6
Or R = Lo 3in® o=60 . (2)

g cos20

This range is a function of the angle ¢ and hence for it to be maximum or minimum dR/d¢ must be equal
to zero

Thus, for R to be maximum

dR _ d (Zvozsimp cos ((p—@)) —0
do dg g cos?6 -

d , . _
o (sinp cos (¢ —0)) =0
or —singsin(p —60) + cos(p —0) cosp =0

or cos(2p —0) = cos%
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or cos(2¢ —0) =2nm + (g) (using general solution of cos ¢ = cos a.)
or 20 — 0 = (g) (n=0 and for angel less then =)
Gives ¢ = G + g) ------------- (3)

This is the angle of projection with incline for maximum range of the projectile down the incline.

The range for any angle of projection ¢ is given in equation (2) and the condition for the range to be
maximum i.e. the angle of projection ¢ for the maximum range down the incline is given by equation (3)
hence for maximum range down the incline substituting ¢ in equation (2) from equation (3) we get

2vozsin(f : g) cos (Z: Z 0)
Rimax = g cos?8
2vozsin(;—t+g) cos (g - g)
or Rimax = g cos?8

Using the trigonometric formula 2sinA cosB = sin (A+B) + sin (A - B) we get

2[gin(T48i™ O\ pgin (T4 07, 8
R _ P _sm(4+2+4 2)+sm (4+ 2 2’ 2)]
max — g cos?0
_ Vg2 :sin@) + sin (9)]
or Rimax = g cos?0
o R o2 (1+sinf)  vy%(1+sinh)
r = =
max g cos20 g (1-sin26)
o R Vo2 (1+sinf)
r =
max g (1-sin 6)(1+sinf)
2
Vo
Or R = ————
max g (1-sinf)
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